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A coevolutionary architecture for distributed optimization of complex coupled systems is presented. This archi-
tecture is inspired by the phenomena of coevolutionary adaptation occurring in ecological systems. The focus of
this research is to develop � exible design architectures for addressing the organizational and computational chal-
lenges involved in optimization of large-scale multidisciplinary systems. In the proposed design architecture the
optimizationprocedure is modeled as the process of coadaptationbetween sympatric species in an ecosystem. Each
species is entrusted with the task of improving subdomain speci� c objectives and the satisfaction of subdomain
constraints. Coupling compatibility constraints are accommodatedvia implicit generalized Jacobi iteration, which
enables the application of the proposed architecture to systems with arbitrary coupling bandwidth between the
disciplines, without an increase in the problem size. A domain decompositionapproach is presented for distributed
structural optimization to construct a class of test problems. Numerical studies are presented to demonstrate that
convergence to an optimal solution satisfying the subdomain and coupling compatibilityconstraints can be readily
achieved.

Introduction

M ULTIDISCIPLINARY design optimization (MDO) is an en-
abling methodology for the design of complex systems, the

physics of which involve couplings between various interacting
disciplines/phenomena. The underlying focus of MDO methodol-
ogy is to develop formal procedures for exploiting the synergistic
effects of the coupling in the problem physics at every stage of
thedesignprocess.One advantageofferedby thismethodologyis the
achievement of calendar time compression via concurrency in the
product design and development cycle. It also allows for tradeoff
studies between performance, manufacturing, supportability, eco-
nomics, and life-cycle issues to be conducted at all stages of the
design process. Hence, the adoption of MDO methodology is not
only expected to lead to better designs, but also the establishment
of a more physicallymeaningfuldesign practice as compared to the
traditional sequential approach in which the synergistic effects of
coupling are ignored.

A recent review of the state of the art in MDO has been presented
by Sobieszczanski-Sobieski and Haftka.1 It was noted in this review
that “organizationalchallenges”and “computational cost” are gen-
erally perceived as the major obstacles to the application of MDO
methodology in design practice.

A good deal of earlier researchwork in MDO has focusedon sys-
tem optimization approaches, also known as multidisciplinaryfea-
sible methods (for example, see Ref. 2). These approaches require
a suite of highly integrated disciplinary analysis tools connected to
a single optimizer.The major disadvantagesof this line of approach
include1) the high costs involved in software integrationand main-
tenance of the integrated design system, 2) specialist disciplinary
groupsnothavingany decision-makingpower in the designprocess,
and 3) the increase in computationalcost and potential convergence
problems as a result of the use of a single optimizer to handle all
of the design variables. Another important factor is the massive
computationalcost incurred in such MDO approachesas a result of
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the requirement of iterations between the disciplines to arrive at a
multidisciplinaryfeasible solution at each function evaluation.

These drawbacks to system optimization approaches, coupled
with the ever-increasing requirement of addressing the organiza-
tional and computational challenges in MDO have motivated the
developmentof distributedoptimizationarchitectures.Example ar-
chitectures on which research has recently been pursued with par-
ticular vigor are concurrent subspace optimization (CSSO)3;4 and
collaborativeoptimization (CO).5¡7 These architectures enable the
solution of large-scale MDO problems in a distributed fashion and
retain the advantages of division of labor.

Such multilevel optimizationapproaches8 to MDO in general in-
volve the use of a system level optimizer,which guides a number of
disciplinaryoptimizers to improve the overall system performance,
satisfy thedisciplinaryconstraints,and ensuremultidisciplinaryfea-
sibility of the converged solution. Because multidisciplinaryfeasi-
bility need not be enforced at each iteration, this approach circum-
vents the problem of “disciplinary sequencing,” in which some of
the disciplineshave to wait for data from the other disciplinesbefore
carryingout their designstudies.Hence, distributedoptimizational-
lows for the possibility of tackling MDO problems in a concurrent
fashion (therebyachieving calendar-timecompression) and also re-
tains the autonomy of disciplinaryspecialists in the design process.
The latter advantage is widely acknowledged to be a crucial factor
in the acceptanceof formal MDO methods by industry. Distributed
MDO methods are also well suited to the hierarchical organiza-
tional structure and heterogeneous computing platforms found in
many large industries.5

Following the discussion presented in Alexandrov and
Kodiyalam,9 MDO methodscan be broadly classi� ed on the basis of
the design architecture or formulation, the optimization algorithms
used for design space search (DSS), methods used for construct-
ing approximation models to accelerate DSS, and the framework
employed for managing variable-�delity analysis models. The area
of MDO architectures is closely related to the � elds of system de-
composition and optimization.The research work reported here fo-
cuses on the � rst two points, that is, the MDO architecture and the
optimization algorithm.

Recently, stochasticnongradientoptimizationtechniquessuch as
evolutionary algorithms (EAs) have been successfully applied to
some nonconvex design optimization problems (for example, see
Refs. 10–12). Even though this class of optimization techniquesof-
fer many advantages as compared to gradient search, the number
of function evaluations required to converge to an optimal solution
is considered prohibitive for many problems. This problem of high
computationalcost has led to very few applicationsof EAs to MDO
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using high-� delity analysismodels. In Ref. 11 a feedforwardneural
network was � rst constructed to map the design space before the
optimization studies, with inevitable restrictions on the scope and
� delity of the � nal optimum. Hence, when the dif� culties of high
computationalcost are coupled with nonconvexdesign spaces stan-
dard EA approaches are impractical and more advanced strategies
are required. The development of computational frameworks for
construction and management of approximation models to acceler-
ate EAs has been the focusof some recent research(for example, see
Refs. 13 and 14). It is expected that the computationalcost of using
EAs could be signi� cantly reduced by using such DSS strategies.

As a consequence of the high computational cost involved in
using EAs for DSS, its application to multilevel optimization be-
comes computationally prohibitive. A genetic algorithm (GA) ap-
proach based on predator-prey coadaptation was applied to bilevel
optimization problems by Venter and Haftka.15 It was shown that
this approach could lead to savings in the computational cost. The
decomposition technique proposed by Lee and Hajela11 could also
be interpretedas a coevolutionarysearch strategy.These techniques
fall under the broad banner of coevolutionarycomputation. An ex-
cellent descriptionof the theoreticalaspects of coevolutionarycom-
putation and results for some application areas can be found in the
dissertation of Potter.16

This paper introducesthe paradigm of coevolutionaryadaptation
in the context of distributed optimization of complex coupled sys-
tems. Inspired by this paradigm, it is shown that the design process
can be modeled as the process of coadaptation between sympatric
species in an ecosystem, that is, species that live in the same place,
rather than being geographically isolated. Each discipline is mod-
eled as a species that collaborateswith the other species to improve
the disciplinespeci� c objectivesand satisfy local constraints.Here,
in order to allow applicability to systems with arbitrary coupling
bandwidth, the coupling variables are not explicitly represented as
design variables. The implicit, generalized Jacobi iteration strat-
egy used in the present research allows for the satisfaction of the
coupling compatibility constraints at the optima under rather mild
assumptions. Further, it is assumed that the design variables are
decomposed into disjoint sets, that is, the disciplinary species are
responsible for evolving independent sets of design variables. A
coevolutionarygenetic algorithm (CGA) is then used to model the
patterns of interaction between the various species.

A domain decomposition scheme is employed to construct test
problemsfor studyingthe performanceof the proposedcoevolution-
ary MDO (CMDO) architecture.Results are presentedfor structural
optimization problems, wherein the concept of substructuring can
be used to reformulate the problem in terms of coupled systems.
It is shown that the CMDO architecture successfully converges to
an optimal solution satisfying the disciplinary as well as coupling
compatibility constraints. The effects of coupling bandwidth and
increase in problem size on the performance of the CMDO archi-
tecture are also examined.

Present Approach
The main focus of the research work reported here is the devel-

opment of � exible MDO architectures,with the speci� c aims of 1)
disciplinary autonomy in both analysis as well as optimization and
2) applicability to systems with arbitrary coupling bandwidth with-
out an increasein the problemsize. The featuresof a canonicalCGA
are � rst described in order to delineate the fundamentals underpin-
ning the CMDO architecture. In the subsequent sections the issues
involved in application of this coevolutionary search paradigm to
distributed optimization of coupled systems are addressed.

Coevolutionary Genetic Algorithms
A CGA models an ecosystemconsistingof two ormore sympatric

species having an ecological relationship of mutualism. Consider
the problem involving maximization of f .x/, which is a function
of n variables. Potter and Dejong17 used an approach in which the
problem is decomposed into n species, one species for each vari-
able. Hence, each species contain a populationof alternativevalues
for each variable.Collaborationbetween the species involves selec-
tion of representative values of each variable from all of the other

Fig. 1 Flowchart of coevolution of a species within a collaborative
process.

species and combining them into a vector, which is then used to
evaluate f .x/. An individual in a species is rewarded based on how
well it maximizes the function within the context of the variable
values selected from the other species. This procedure is analogous
to the univariate optimization algorithm wherein one-dimensional
search is carried out using only one free variable. It is also possible
to decompose the original problem variables into several blocks,
with each species evolving a block rather than a single variable (for
example, see Ref. 13).

The steps involved in a canonicalCGA (see also Fig. 1) can hence
be summarized as follows:

1) Step 1. Initialize a population of individuals for each species
randomly or based on some earlier design knowledge.

2) Step 2. Evaluate the � tness of the individuals in each species.
Fitness evaluation in a CGA involves the use of the following
algorithm:

Choose representativesfrom all other species.
FOR each individual i in the species being evaluated, DO

Form collaborationbetween individual i and the (� xed) repre-
sentatives from other species.

Evaluate the � tness of the collaborative design by applying it
to the target problem, and assign it to the individual i.

ENDDO
3) Step 3. If the termination criteria is not met, then apply a

canonical GA involving the operators of reproduction and genetic
recombination to arrive at a new population for each species. Go to
Step 2.

Potter and Dejong17 showed that a CGA approach to function
optimizationcould lead to faster convergenceas compared to a con-
ventionalGA, for low to moderate levels of variable interdependen-
cies (also referred to as epistasis,1 which, in the context of function
optimization, can be de� ned as the extent to which the contribution
of one variable to the � tness depends on the values of the other
variables in the GA literature). This can be primarily attributed to
the attendant reduction in the active search space caused by coevo-
lution of each variable concurrently, for example, for the function
optimization problem described earlier the original search space of
size .2k/n hasbeenreducedto a seriesofn constrainedsearchspaces,
each of size 2k , where k is the number of bits used to represent each
variable.The underlyingpremiseof the CGA approach is that faster
progressin the searchcan bemade by decomposingthe designspace
when the optimizationproblem under considerationhas a moderate
degree of epistasis.

In CGA-based search the term generation is used to refer to a
cycle involving selection, recombination, and � tness evaluation for
a single species, and the term ecosystem generation refers to an
evolutionary cycle through all of the species being coevolved. The
reader is referred to Potter16 for a more detailed description of the
theoretical aspects of CGAs. Further details, including applications
of coevolutionaryalgorithms can be found in the literature.13;18¡20
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Fig. 2 Data � ow diagram for a typical MDO problem.

Fig. 3 Distributed multidis-
ciplinary analysis.

Analysis of Coupled Systems
To illustrate the design architecture developed here, consider a

coupled system involving two disciplines (or subsystems) shown
in Fig. 2. The coupling shown here is typical of aerodynamics-
structures interactionencountered in aeroelasticanalysis of � exible
aircraft wings. For this problem x denotes the vector of multidis-
ciplinary design variables (that is, variables which are common to
both disciplines); x1 and x2 are the vectors of disciplinary design
variablescorrespondingto subsystems 1 and 2, respectively; f1 and
f2 are the objective functions corresponding to disciplines1 and 2,
respectively; g1 and g2 are the constraint functions corresponding
to disciplines 1 and 2, respectively; y12 is the vector of coupling
variables computed in discipline 1, which is needed for analysis
of subsystem 2. Similarly, y21 denotes the vector of coupling vari-
ables computed in discipline 2, which is required for analysis of
subsystem 1.

Arriving at a multidisciplinaryfeasible solution for given values
of x1, x2, and x would involve iteratingbetween both the disciplines
using an initial guess for either y12 or y21. This sequential iterative
scheme can be interpreted as a generalized Gauss–Seidel (GGS)
approach (see Arian21 for a detailed exposition).

The state equationsfor the two disciplinescan be mathematically
expressed as follows:

A1[x; x1; u1; y21.u2/] D 0 (1)

A2[x; x2; u2; y12.u1/] D 0 (2)

where u1 and u2 are the state variables for subsystems 1 and 2,
respectively.

To eliminatethe couplingsbetween thedisciplinaryanalysismod-
ules, the original system can be decomposedas shown in Fig. 3. For
givenvaluesofx1, x2, and x, multidisciplinaryanalysisnow requires
an initialguessforbothy12 andy21 . Iterationsinvolvingaerodynamic
and structural analysis converge to a multidisciplinary feasible so-
lution when the couplingcompatibilityconstraintsare satis� ed, that
is, when ky12 ¡ y¤

12k D 0 and ky21 ¡ y¤
21k D 0. Here y12 and y21 are

the values of the coupling variables used at the current iteration,
and y¤

12 and y¤
21 are the new values of coupling variables after disci-

plinary analysis using the current values of y21 and y12 , respectively.
This decompositionof theoriginalcoupledsystem makes it possible
to concurrently analyze a design and thus perform distributed opti-
mization. As discussed in Arian,21 this parallel iterative scheme for
multidisciplinaryanalysis can be interpretedas a generalizedJacobi
(GJ) approach. Further, it was also shown that the GJ scheme will
take more iterations than the GGS scheme to converge.

Some Issues in Coevolutionary MDO
The issues that need to be addressed in order to apply a coevo-

lutionary search strategy to optimizationof this coupled system are
discussed next.

Problem Decomposition
This issue is mainly concerned with how the coupled system

should be decomposedinto various species.A natural procedurefor
decompositionwouldbe to dividethedesignvariablesintogroupson
disciplinary lines. The chromosome of each species consists of the
variables it is allowed to control. In general, it might be preferable
to decompose the multidisciplinary design variable vector x into
completely disjoint sets to circumvent the dif� culty of arriving at a
consensuson the independentlyevolvedmultidisciplinaryvariables.

Choice of Representative Individuals
As mentioned earlier in the description of CGAs, the species in-

teract with each other via representative individuals.The evolution
of each species is thus constantly driven by evolutionary changes
in the species it interacts with. In the genetics literature this is re-
ferred to as the Red Queen hypothesis, wherein each species must
constantly adapt just to remain in parity with the others. Hence, a
fundamental issue in coevolutionarycomputation is how to choose
the representative individuals from each species.

In Ref. 15 two strategieswere suggestedfor choosingrepresenta-
tive individuals. The � rst strategy was to select the individual with
the highest � tness in a species as its sole representative. In the sec-
ond strategy two representative individuals were chosen. The � rst
representative was the individual with highest � tness, whereas the
second representative was chosen randomly. Both the representa-
tives are used for � tness evaluations, and the maximum � tness of
the two possible collaborations is assigned to the individual under
consideration.Notice that this will lead to the requirement of 2m ¡ 1

� tness evaluationsfor each individualin a discipline,where m is the
total numberof species. It was foundvia numericalexperimentsthat
the � rst strategy, although superior in terms of convergence speed,
might not be robust for problems with high epistasis. In contrast,
the second strategy is more robust at the expense of slower conver-
gence.Of course the numberof representativesneednot be the same
for each species nor remain � xed during optimization.However, the
computational cost of � tness evaluation grows with increase in the
number of representativesbecause a domain speci� c analysis must
be carried out for each combinationof collaboratingrepresentatives
considered.

A comparisonstudyof strategiesfor choosingrepresentativeindi-
viduals in coevolutionarycomputationcan be found in Bull.22 In the
present research the individual with the highest � tness in a species
is chosen as its representative.

Coupling Variables
A fundamental issue in distributed optimization of coupled sys-

tems is how to ensure multidisciplinary feasibility of the optimal
solution. Existing MDO architectures such as CSSO and CO ex-
plicitly treat the coupling variables as auxiliary design variables.
The major disadvantage of this strategy is that the problem size
grows signi� cantly with increase in the coupling bandwidth. In the
present research the aim is to circumventthis fundamentaldif� culty
by treating the couplingvariablesimplicitly in the optimizationpro-
cess. Details of the strategyused for handling the couplingvariables
are described in subsequentsections. In contrast to other distributed
MDO formulations, a major advantage of the the present approach
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is that it can thereforetackleproblemswith arbitrarycouplingband-
width without an attendant increase in the problem size.

Fitness Evaluation
The � tness of the disciplinary species is de� ned as a function of

the respectivedisciplinaryobjectives and constraints. In the present
research a penalty function approach is used for handling con-
straints. Alternative constraint handling strategies for evolutionary
algorithms are available in the literature.23;24

Coevolutionary MDO Architecture
Basedon theearlierdiscussion,variousMDO architecturesadopt-

ing different considerations for tackling the coupling compatibility
constraintsandproblemdecompositioncharacteristicscan be devel-
oped within the framework of the coevolutionarygenetic adaptation
paradigm. However, to ensure applicability to systems with broad
coupling bandwidth here the coupling variables are not explicitly
considered as design variables. The coupling variables are instead
initialized to values computed from system analysis of a baseline
design. In the subsequent stages of the coadaptationprocedure, the
disciplinaryspecies exchangevalues of the couplingvariablescom-
puted during the disciplinary analysis of their respective represen-
tative individuals.This implicit iteration scheme reduces the extent
of violation of the coupling compatibility constraints as the coevo-
lution reaches stasis.

Further, in thearchitecturedevelopedhere thedesignvariablesare
decomposedinto disjointsets, and hence no variablesare shared be-
tween the disciplines. The chromosome of the disciplinary species
are hence composed of independent sets of variables. The chro-
mosome representation and � tness evaluation details for both the
species are summarized next. Here, the variables x1 and x2 are the
disjoint sets formed from decomposing the vector of multidisci-
plinary variables x, that is, all of the elements of x are placed in x1

or x2 .

Disciplinary Species 1
Genotype

[x1, x1], that is, the � rst part of the multidisciplinarydesign vector
and the variables local to discipline 1.

Fitness Evaluation
Computation of the objective and constraint functions for disci-

pline 1 ( f1 and g1 ) requires the values of x1 , x1 , x2 , and y21 . The
values of x1 and x1 are readily available because they are directly
controlled by species 1. In the � rst ecosystem generation the value
of y21 is initialized either from system analysis of a baseline design
or randomly. Similarly, x2 could be initialized randomly in the � rst
ecosystemgenerationor set to the value correspondingto a baseline
design. In the subsequent ecosystem generations the values of y21

and x2 provided by discipline 2 for their representative individual
are used.

Disciplinary Species 2
Genotype

[x2, x2], that is, the second part of the multidisciplinary design
vector and the discipline speci� c variables.

Fitness Evaluation
To compute the objective and constraint functions for discipline

2 ( f2 and g2 ), the values of x2; x2; x1 , and y12 are required. The
values of x2 and x2 are readily available. The value of y12 computed
via system analysis of a baseline design (or randomly initialized
values) is used in the � rst ecosystemgeneration.The subset of mul-
tidisciplinaryvariablescontrolledby discipline1, that is, x1 is either
initialized randomly or set to the baseline values. In the subsequent
ecosystem generations the values of y12 and x1 provided by disci-
pline 1 for their representativeindividual are used.

It can be observed that the implicit procedure used here to en-
sure satisfactionof the interdisciplinarycouplingcompatibilitycon-
straints turnsout to be similar to the GJ scheme discussedearlier for
distributedmultidisciplinaryanalysis.It is knownthat theGJ scheme
can fail to converge for some problems (for example, see Arian21 ).

Hence, it becomesimportantto examinewhen the the implicitproce-
dure used in the CMDO architecturemight fail. The approach used
here for satisfying the coupling constraints might be interpreted as
a randomly restarted generalized Jacobi iteration scheme. The term
“random” is used here to indicate that the couplingvariablesy12 and
y21 are reset based on the progress of the coevolution procedure,
that is, they might change radically as the representatives change.
However, as the coevolutionary process reaches stasis (that is, as
x1, x2, and x converge) the implicit procedure reduces to the con-
ventional GJ scheme. For the example problems considered in this
paper, it is observed that an optimal solution satisfying the interdis-
ciplinary compatibility constraints can be found readily. However,
for problems where dif� culties arise in satisfying the compatibility
constraintsalternativeiterative schemes (such as successiveoverre-
laxationor Newton-basedalgorithms25 ) might have to be employed
in the later stages of the coevolutionarysearch.

Data Coordination, Surrogate Modeling,
Decomposition, and Other Issues

A common blackboard model for the coupling variables is used
for transferring data between the disciplines. The disciplinary
species post the values of the coupling variables and multidisci-
plinary design variables corresponding to their representative in-
dividuals on this blackboard during the coadaptation procedure.
Because EAs constitute a global search paradigm, high-quality
space-� lling computational data can potentially be obtained as a
byproduct of the coevolution procedure. Such data can be used for
constructingsimulation metamodels to accelerate disciplinaryDSS
andarchivethedesignspace(seeRef. 14 foran approachto construc-
tion and management of metamodels in evolutionary optimization
algorithms). A more detailed discussion of problem solving envi-
ronments for multidisciplinary design which bring together such
capabilities has been presented in Keane and Nair.26

It is also of interest to examine the possibility of using the infor-
mation generated during the coevolutionary adaptation procedure
to make decisions on how the set of multidisciplinary design vari-
ables should be decomposed.This would allow for the possibilityof
the optimal problem decompositionstructure to emerge rather than
be � xed a priori by the designer.However, it is not clear at this stage
of the research how to develop such an algorithm. An alternative
procedure would be to decompose the multidisciplinary variables
into disjointsets by computingtheir main effects for the disciplinary
objectives via orthogonal array-based experimental designs before
starting the optimization.

Becausethevariousspeciescan interactvia a singlerepresentative
individual, the optimization algorithms that can be used within the
CMDO architecturearenot restrictedto evolutionarymethodsalone.
In fact, arbitrary optimization formulations/algorithms can be used
within the disciplines.

The CMDO architecture allows two avenues for massive paral-
lelization of the optimization process. First, the evolution of the
disciplinary species can be carried out concurrently. Further, there
also exists the possibilityof computing the � tness of the individuals
in each species concurrently.

Distributed Structural Optimization via Substructuring
To illustrate the application of some of these ideas in practice,

a distributed structural optimization formulation based on domain
decomposition is presented in this section. Consider the � nite el-
ement mesh of a general structural system, which is decomposed
into two nonoverlappingsubstructures by a solid line, as shown in
Fig. 4. The solid line passes through nodes that lie in substructure1.
The dashed line is drawn through the nodes in substructure2, which
are directly connected to these nodes in substructure1. In Fig. 4 N1
and N2 are the total number of degrees of freedom (DOF) in sub-
structure1 and substructure2, respectively.x1 and x2 are the vectors
of local design variables corresponding to substructure 1 and sub-
structure 2, respectively (for example, geometry variables, material
properties, etc). Note that x1 and x2 are disjoint sets. The variables
correspondingto the interface region between the two substructures
are denoted by x, for example, x might correspond to the area and
geometry of the elements in the interface region.
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Fig. 4 Decomposition of structural domain.

The equations for static equilibrium of the structure in Fig. 4 can
be written in partitioned form as

µ
K11 K12

K21 K22

¶ µ
d1

d2

¶
D

µ
f1

f2

¶
(3)

where K11 2 RN 1 £ N1 , K12 2 RN1 £ N 2, K21 2 RN 2 £ N 1 , and K22 2
RN2 £ N 2 are the submatrices of the partitioned global stiffness ma-
trix; d1 2 RN 1 and d2 2 RN2 are the displacementscorrespondingto
the nodes of each substructure; and f1 2 RN 1 and f2 2 RN 2 are the
external forces acting at the substructure degrees of freedom.

Equation (3) can be rewritten as two simultaneous matrix equa-
tions of the form

K11d1 D f1 ¡ K12d2 (4)

K22d2 D f2 ¡ K21d1 (5)

The second term on the right-hand side of the preceding equations
indicatesa couplingbetween the displacementsin the two substruc-
tures. In general, K12 and K21 are highly sparse matrices. Hence,
only a few components of d1 and d2 are required to compute the
coupling terms.

The nature of the coupling between Eqs. (4) and (5) is depicted
more clearly by rewriting them as

A1[d1; x1; x; d21.d2/] D 0 : K11.x1; x/d1 D f1 ¡ K12.x/d21.d2/ (6)

A1[d2; x2; x; d12.d1/] D 0 : K22.x2; x/d2 D f2 ¡ K21.x/d12.d1/ (7)

where A1 and A2 symbolically denote the analysis equations to
be solved for substructure 1 and 2, respectively. Solution of the
analysis equations A1 and A2 leads to the displacement vectors
d1 and d2, respectively. d21 denotes the vector of displacements at
those nodes in substructure 2, which are directly connected to the
nodes in substructure 1, that is, the nodes that lie on the dashed
line in Fig. 4. Similarly, d12 is the displacement vector at the
nodes in substructure 1, which are directly connected to the nodes
in substructure 2, that is, the nodes that lie on the solid line in
Fig. 4. The coupling variables in Eqs. (6) and (7) are d21 and d12.
The coupling bandwidth resulting from the substructuring strategy
would depend on the total number of DOF corresponding to the
elements in the interface region.

For given values of x1 , x2, and x, iterating between Eqs. (6) and
(7) from an initial guess for either d21 or d12 leads to a solution
for the global displacement vector d, which satis� es the physics of
the problem. This implies satisfaction of force equilibrium at the
interface region between the two substructures.

In the context of distributed analysis using the decomposition
strategy discussed earlier (see Fig. 3), the coupling compatibility
constraints can be written as

®®d12 ¡ d¤
12

®® C
®®d21 ¡ d¤

21

®® D 0 (8)

where d12 and d21 are the valuesof the couplingdisplacementsat the
current iteration and d¤

12 and d¤
21 are the new values of the coupling

variables after solving A1 and A2, respectively.
The domain decomposition approach used here enables the ap-

plication of the CMDO architecture to distributed structural opti-

Fig. 5 Coevolutionary optimization of coupled substructures.

mization. In particular, for the structure in Fig. 4 the optimization
problem can be posed as a simulated MDO problem with two cou-
pled disciplines.The optimizationprocedure in this setting is shown
in Fig. 5. In the decomposition strategy chosen here, each species
handle disjoint sets of design variables. This is achieved by decom-
posing the variables corresponding to the interface region (x) into
two disjointsets x1 and x2 . The � rst species controls the variablesx1

and x1 , whereas the second species controls the variablesx2 and x2.
The mesh correspondingto the interface region is modeled by both
substructures,so as to enable it to compute the submatricesK12 and
K21 independently.

In the � rst step of the distributed optimization procedure, the
coupling variablesd21 and d12 are either initializedusing the results
of system analysis of a baseline design or randomly. Similarly, the
design variable vector x common to both substructures can also be
initialized. Analysis of the � rst subsystem involves the solution of
Eq. (6) for the substructure displacement vector d1. The analysis
results can then be used to compute the objective and constraint
functions of interest within substructure 1. Similarly, the second
subsystemanalysis involves the solutionof Eq. (7) for the displace-
ment vectord2. These resultsareused in conjunctionwith the current
value of d12 to compute the objective and constraint functions for
substructure 2.

In the subsequent ecosystem generations each species posts the
values of the coupling variables corresponding to its representa-
tive individual on a common blackboard. The values of x1 and x2

controlled by the two species independently are also posted on the
blackboard. This facilitates timely exchange of data between the
two species as they coevolve to optimum values of x1, x2 , and x. As
shown in the subsequent section, this data transfer enables both the
species to arrive at a solution that satis� es the coupling compatibil-
ity constraints,even though the coupling variablesare not explicitly
represented as design variables. In summary, the application of the
CMDO architecture in conjunctionwith the substructuringstrategy
ultimately leads to the optimal values of the design variables, as
well as the values of the substructure displacement vectors d1 and
d2, which satis� es the physics of the coupling.

This decomposition-basedcoevolutionary optimization strategy
leads to signi� cant savings in the computational cost, particularly
for the optimumdesign of large-scalestructuralsystems.The proce-
dure used here could of coursebe readilyextended to scenarioswith
more than two substructures.This procedurecouldbe used for struc-
tures subjected to harmonic excitation. The only difference in the
formulation would be to replace Ki j with [Ki j ¡ !2Mi j C j!Ci j ],
where Mi j and Ci j are partitions of the mass and damping matrix,
respectively;! is the frequency of excitation; and j D

p
¡1.

As an aside, the formulation presented here for distributed struc-
tural optimization can also be applied to more general problems
involving optimization of systems governed by partial differential
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equations (PDEs). Such an approach brings together techniques
for optimization of coupled systems with domain decomposition
schemes27 for numerical solution of PDEs. Such an approach has
been studied in the context of parameter estimation problems by
Dennis and Lewis.28 Further, the approach used here can be em-
ployed to construct test problems with varying levels of dif� -
culty for testing MDO formulations by varying the coupling band-
width (that is, the number of DOF in the interface region) and the
number of design variables. In other words, domain decomposi-
tion appears to be a natural approach for constructing MDO test
problems.

Demonstration Examples: Results and Discussion
This section presents the results of experimental studies con-

ducted to generate computational data on the performance of the
proposed CMDO architecture.The objective is to gain insights into
its convergencecharacteristicsand to make comparisonstudieswith
a system optimizationapproach.The test problems consideredhere
are constructed using the domain decomposition-based structural
optimization approach discussed in the preceding section.

For all of the experiments conducted, a standard elitist GA with
binary tournament selection, uniform crossover, and bit mutation
was used. The probability of crossover and bit mutation were kept
constant at 0.5 and 0.01, respectively. A binary string of 10 bits is
used to represent each of the continuousvariables for the examples
considered. The stress constraints are incorporated into the � tness
functionsusing a penaltyfunction formulation.The best design vec-
tor of a species is chosen as its representativeindividual.The results
obtained using the CMDO architectureare compared to the optimal
solution obtained using a standard GA applied to the complete cou-
pled/original structural model, which is referred to as the system
optimization approach. Convergence studies are presented for the

Fig. 6 Twenty-bar planar truss structure.

Fig. 7 Averaged convergence characteristics of substructure weights for problem 1.

objective functions, the constraints, and the coupling compatibility
constraintviolationcorrespondingto the � ttestdesign.The coupling
compatibility constraints are not incorporated into the � tness func-
tion. They are computed here in the postprocessing stage only for
the purpose of tracking the multidisciplinaryfeasibility of the opti-
mal solution.Ten runs were carried out for each case to compute the
averaged convergencetrends and other statistics. The computations
were carried out using a SGI Origin 2000 computer with R10000
processors.

Problem 1
The � rst design problemconsideredis a 20-barplanar truss struc-

ture with 4 bays (Fig. 6), parameterized in terms of the sizing vari-
ables. The cross-sectional areas of the truss members are bounded
between 0.1 and 15.0 in2 . The structural members have Young’s
modulus E D 30,000 psi/in.2, mass density½ D 0.1 lb/in.3 , and yield
stress ¾max D 25 ksi. The design objective is to minimize the weight
subject to stress constraints. This leads to a total of 20 design vari-
ables and 20 constraints for this problem.

The structure is decomposed into two coupled substructures as
shown by the solid line in Fig. 6, that is, the original analysis equa-
tions of size 16 £ 16 are decomposedinto two sets of coupledequa-
tions of size 8 £ 8. Two species that collaboratively coevolve the
variablescorrespondingto each substructureare set up to solve this
problem. The � rst species controls the cross-sectional areas of the
10 truss members in the � rst two bays. The analysis equation A1 for
this species [see Eq. (6)] involves the DOF corresponding to nodes
1–4. Similarly, the second species controls the cross-sectional ar-
eas of the 10 truss members in the next two bays, and the analysis
equation A2 [see Eq. (7)] involves the DOF correspondingto nodes
5–8. The sets of design variablescorrespondingto each substructure
are de� ned as the chromosomes of the two species. Each species
is entrusted with the task of minimizing the substructure weight
subject to constraints on the maximum permissible stresses in the
substructure elements, that is, 10 constraints each.

A population size of 50 was used for each species, and the termi-
nation criteria was kept � xed at 250 ecosystemgenerations.The ini-
tial data for the couplingvariableswere generatedrandomly in each
optimization run. In the subsequent ecosystemgenerations the cou-
pling variables were updated using the values posted by the species
representativeson the blackboard (see Fig. 5). The results are com-
pared to a system optimization approach, which uses a population
size of 100 and a termination criteria of 250 generations.

Figure 7 compares the averaged convergence characteristics (of
the substructureweights) of the two species, which coevolve to the
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optima of this problem. It can be seen that both species have con-
verged quite rapidly to the optimal solution. The statistics of the
optimal solution obtained using the CMDO architecture are com-
pared with results obtained using the system optimizationapproach
in Table 1. It can be clearly seen that the CMDO architecture gives
a better solution on average, as compared to the system optimiza-
tion approach. In spite of the small size of the analysis problem (16
DOF), the decomposition-basedapproach is nearly 1.5 times faster
than the system optimization approach.

Figure 8 shows the averaged convergence trends of the coupling
compatibility constraint violation and the average percentage vio-
lation of stress constraints. It can be seen from the � gure that, even
though the coupling compatibility constraints are not explicitly en-
forced in the CMDO architecture, they rapidly converge close to
zero. These results also indicate that the proposed optimization ar-
chitecture is relatively insensitive to the initialization values used
for the coupling variables.

Problem 2
The second problem involves weight minimization of a 4-bay

36-bar truss structure (see Fig. 9) again subject to stress constraints.
The material properties of the structural members are similar to
those used for problem 1. The cross-sectional areas of the 36 truss
members are considered as discrete design variables chosen from
the set 0:1i , i D 1; : : : ; 128 in2 . The coordinates of the joints are
consideredas continuousdesign variablesvarying between §90 in.
from the baseline values. This yields a total of 60 design variables
and 36 constraints for this problem.

As shown in Fig. 9, the structure is decomposed into two cou-
pled systems using the domain decomposition approach discussed
earlier, that is, the original analysis equations of size 24£ 24 are

Table 1 Comparison of results for problem 1

System CMDO
Parameter optimization architecture

Average weight 2970 2876
Standard deviation 107 64
Minimum weight 2778 2776
CPU time, s 27 19

Fig. 8 Averaged convergence characteristics of the coupling compatibility constraint violation and average percentage stress constraint violation for
problem 1.

decomposedinto two sets of coupled equationsof size 12 £ 12. The
� rst substructureinvolvesthe DOF correspondingto nodes1–6, and
the second substructure involves the DOF corresponding to nodes
7–12. Because the interface region between the two substructures
is connected via six DOF on each side, the coupling bandwidth is
higher than in problem 1.

A CMDO architecture comprising of two species, each control-
ling the30designvariablescorrespondingto its substructureis set up
to solve this problem. The � rst species controls the cross-sectional
areas of the 18 truss members in bays 1–2 and the coordinates of
nodes 1–6. The second species controls the areas of the 18 truss
members in bays 3–4 and the coordinates of nodes 7–12. Each
species is entrusted with the task of minimizing the substructure
weight subject to stress constraints for the substructure elements.

A population size of 100 was used for each species, and the ter-
mination criterionwas kept � xed at 250 ecosystemgenerations.The
coupling variables were initialized randomly for each optimization
run. In the subsequent ecosystem generations the values posted by
the species on the blackboard were used. The performance of the
CMDO architectureis comparedto a system optimizationapproach,
which uses a population size of 200 and a termination criterion of
250 generations.

Fig. 9 Thirty-six-bar planar truss structure.



NAIR AND KEANE 1441

Fig. 10 Averaged convergence characteristics of substructure weights for problem 2.

Fig. 11 Averaged convergence characteristics of the coupling compatibility constraint violation and average percentage stress constraint violation
for problem 2.

The convergencetrendsof the substructureweights averagedover
10 runs are shown in Fig. 10. It can be seen that species 1, which
handles the design variables correspondingto the � rst substructure,
shows slightlyoscillatorybehavior.This is primarilybecausethe � t-
ness functionof species 1 dependson 19 parameters(displacements
and geometry of nodes 7–9, and areasof members connectingnodes
4–6 to 7–9), which are controlled by species 2. In comparison, the
� tness of species 2 depends on only 12 parameters (displacements
and geometry of nodes 4–6) in species 1.

Figure 11 shows the convergencetrends of the coupling compat-
ibility constraint violation and the average percentage violation of
stress constraints,averagedover 10 runs. It can be seen that the cou-
pling compatibility constraint violation reduces rapidly during the
coevolutionprocess.As mentionedearlier, the couplingcompatibil-
ity constraints are computed here only for the purpose of tracking
the multidisciplinaryfeasibility of the optimal solution.

The statistics of the optimal solution obtained using the CMDO
architecture are compared with the system optimization approach
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Table 2 Comparison of results for problem 2

System CMDO
Parameter optimization architecture

Average weight 7769 6432
Standard deviation 185 182
Minimum weight 7501 6218
CPU time, s 160 85

in Table 2. It can be observed that the CMDO architecture gives a
much better solution as compared to the system optimization ap-
proach. This can be attributed to the dynamic nature of the search
space when a distributed optimizationapproach is used. This could
be a key factor,which enables the CMDO architectureto circumvent
the problem of entrapment in a suboptimal solution as compared to
the system optimizationapproach.The results for this problemindi-
cate that the performanceof the proposed optimizationarchitecture
show no degradationwith increase in the coupling bandwidth, even
though the convergence trends show slightly more oscillatory be-
havior. However, it can be noted that the coupling compatibility
constraint violation is only reduced to the order of 10¡2 (on an
average) because of the high degree of coupling.

In spite of the small size of the analysis problem (a total of
24 DOF ), the substructuring strategy combined with the CMDO
architecture is nearly twice as fast as compared to the system op-
timization approach, while giving results that are 17% better on
average.

In this research the multidisciplinary design variables were de-
composed into completely disjoint sets. In contrast, the issue of
developing coevolutionary search frameworks for scenarios where
the disciplinesare allowed to sharedesignvariablesremainsan open
research area. Some ideas for achieving this have been discussed in
Ref. 29.However, theabilityof suchstrategiesto aid thedisciplinary
species in arriving at a consensus on the multidisciplinary design
variablesremains to be seen.Results from the area of computational
immunology30 might be useful in this context. It is also of interest
to examine the possibility of incorporating multiobjective decision
making capabilitywithin the CMDO framework, based on the wide
body of research work in this area (for example, see Ref. 31).

Conclusions
This paper introduces a distributed MDO architecture inspired

by the phenomena of coevolutionarygenetic adaptation in ecolog-
ical systems. The advantages offered by the proposed coevolution-
ary MDO architectureinclude retainmentof disciplinaryautonomy,
massive parallelism, reduced software integration and interdisci-
plinary communication overheads, and accommodation of design
parameterization with a mix of discrete and continuous variables.
The most important advantage offered by the approach is its appli-
cability to systems with arbitrary coupling bandwidth without an
attendant increase in the problem size. It is suggested that the ar-
chitecture might be a useful tool for large-scale nonconvex MDO
problems with a mix of discrete and continuousvariables.

A formulation is presented for distributed optimization of struc-
tural systems via domain decomposition to construct MDO test
problems.Numerical studiesconductedto examine the performance
of the CMDO architecturefor the two exampleproblemsconsidered
are very encouraging.These results also give some insights into the
convergence characteristics of the CMDO architecture. They indi-
cate that the performance of the method does not deteriorate with
increase in the coupling bandwidth. The formulation used for the
example problems presented also suggests a computationally ef� -
cient way to solve large-scale structural optimization problems via
domain decomposition because the dimension of the substructure
analysis equations is much lower than those of the original model.
The computationalcost savings are expected to be particularly sig-
ni� cant for optimization of large-scale structural systems. This ap-
proach could also be applied to optimizationof structuressubjected
to dynamic loading and the design of nonlinear structural systems.

The CMDO architecture proposed here implicitly handles the
coupling compatibility constraints via randomly restarted general-
ized Jacobi iteration.Hence, for some problemsdif� cultiescan arise

in convergingto a solution that satis� es the physics of the coupling.
Clearly, for such problems the present approach can only give a
rough indication of the optimal solution. However, such a solution
could be used as an initial guess for a distributed or a system-level
gradient-based optimization scheme. Alternatively, more robust it-
erative analysis schemes or evolutionary successive overrelaxation
techniques could be incorporatedin the � nal stages of the coevolu-
tionarysearch.Finally,eventhoughpromisingresultswere obtained
for the examples under considerationmore detailed numerical stud-
ies are required to study the robustness of the CMDO architecture
for a wider class of design problems.
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